We analyse the time evolution of stresses in a noncohesive granular bed cut by the motion of a tool. Our numerical simulations both in two and three dimensions reveal large fluctuations of the force acting on the tool. These fluctuations have a decreasing exponential distribution. We find that, in spite of fluctuations, the mean force is well fitted by an analytical form obtained from a limit analysis with Coulomb's failure criterion.
Introduction
In several technological domains involving granular materials, such as soil mechanics and silo engineering, a popular approach to the numerical prediction of the overall response of a granular mass to external actions relies on modelling it as an elasto-plastic continuum with a failure criterion. Finite element calculations are then applied to the corresponding boundary value problems [1] [2] [3] . In recent years, however, the numerical simulations of the dynamics of large collections of solid particles have become efficient enough to allow for the solution of such problems of overall response on the basis of grain-to-grain interactions. These methods, known as discrete element methods [4] [5] [6] , yield at the same time the macroscopic description of the behaviour of the investigated granular mass and some microscopic details about local phenomena. An obvious advantage of this approach is that it needs no other physical input than the interaction laws between the particles and, in this respect, it provides an excellent way of testing the validity of macroscopic models and their underlying assumptions.
This paper is concerned with the numerical investigation of the action of a simple rigid "tool" upon a granular material. In 2D numerical experiments, the tool is partially immersed in a granular bed composed of irregular polygonal particles initially in equilibrium under gravity inside a rectangular box. Then the tool is moved horizontally with constant speed. In 3D numerical experiments, the tool consists of a rigid assembly of small overlapping spherical particles, reproducing the shape of a plane rectangular blade.
We are interested mainly in the total force acting on the tool. Several authors have reported on large temporal stress fluctuations in silos [7, 8] or in a sheared granular material contained in a box [9, 10] . The physical origin of these large fluctuations still remains obscure. They might simply be a reminiscence of the highly heterogeneous distribution of contact forces in granular media [11] [12] [13] or result from kinematic constraints due to particular boundary conditions. In our 2D and 3D simulations, we similarly found large force fluctuations while the external forcing seems far less stringent than in the situations reported above. In fact, our tools interact with the granular mass through a layer whose thickness does not exceed a few particle diameters. We will show that a stretched exponential form provides an excellent fit for the statistical distribution of these fluctuations. Another significant result of this study is that, in spite of the fluctuations, the mean force is very well fitted by the analytical expression obtained by standard limit analysis calculations based on the Coulomb failure criterion.
The simulations reported here were part of a technological research project devoted to the mechanical behaviour of surface soils, with a view to the design of soil-cutting tools such as those affixed to vehicles intended to remove mines [14] . In this paper, we will focus on the evolution of forces. The main results will be presented after a short description of the simulation method and of the physical parameters of our simulated systems. Mean forces and force fluctuations will be discussed in two sections. Several aspects of the problem such as the influence of system size and cutting speed will be addressed as well.
Simulation method
For these simulations, we used the Contact Dynamics (CD) method. For a detailed description of this numerical technique the reader may refer to several papers published in recent years [15] [16] [17] [18] . The method consists of an implicit time-stepping resolution of the dynamical equations of a collection of rigid particles interacting at their contact points. The condition of impenetrability and the dry friction law of Coulomb are implemented without resorting to the smoothing schemes used in other discrete element algorithms [5] . Contact Dynamics has been successfully applied to study both dynamical phenomena, such as size segregation [19] , and quasi-static deformations of granular media [20, 21] .
In 2D simulations, we used circular or polygonal particles and, in 3D, spherical ones. Since in 2D the main trends of the results were found nearly independent of particle shape, the 2D simulations presented in this paper all rely on particles of randomly generated convex polygonal shapes with at most 8 edges. Once a polygonal shape is generated, the program determines its mass-centre (corresponding to uniform mass-density) and the control disk i.e. the smallest disk centered at this point containing the polygon. In the experiments presented here, the control radii exhibit rather small dispersion (see Table 1 ). All samples are prepared by randomly sprinkling grains in the presence of gravity into boxes. Before starting a numerical experiment, one leaves the deposited mass to relax until the competition of gravity and intergranular Coulomb friction leads to a state of sufficiently small kinetic energy. In 2D, we have four samples of 1110, 2039, 4598 and 10437 grains (which occupy the same volume) to which we will refer as samples A, B, C, and D, respectively. In 3D, in order to save computation time, we have assumed that the flow, as well as the tool during its whole motion, admit a plane of symmetry. The latter is realized as a frictionless rigid boundary. Moreover in the 3D sample, to which we refer as sample E, a layer of grains is glued to the internal walls of the container (see Fig. 1 ). This artificial roughness is meant to prevent horizontal recirculation of the particles due to the finite size of the box. The control diameters and void ratio of all the numerical samples are given in Table 1 . The interparticle coefficient of friction equals 0.3. Walls, as well as the glued grains, are treated as frictionless.
Tools are rigid assemblies of polygonal or spherical particles. A tool may have different shapes and different inclinations to the vertical. The simplest tool we used in 2D was a vertical beam composed of a rectangle completed with an octagonal tip in order to make the cutting edge smoother. Their coefficient of friction with the free particles composing the samples was 0.3. In each numerical experiment, the tool was first driven vertically into the sample with a constant speed until the desired depth was reached. Then, it was moved with a constant horizontal speed v along the granular bed. Most simulations were Figure 2 shows three stages of a typical experiment with v = 2 cm/s. The time-step was 0.1 ms in all 2D simulations. In 3D, since we are mainly interested in the pushing phase, we suppressed the initial penetration phase. The blade was just set on the outside of the box, as near as possible to the granular sample, the program not taking into account any visibility between tools and pavement grains. The tool was then dragged horizontally with a constant speed v = 2 cm/s with a time step equal to 0.2 ms. We have chosen the same coefficient of friction between tool and free grains as in 2D, i.e. 0.3. Figure 3 shows one stage of a such 3D computation, in which we can observe the lateral flow of grains.
3
The mean force Figure 4 (a) shows the typical evolution of the horizontal and vertical components of the force F acting on the tool as a function of time in a 2D simulation. The simulation is stopped when the tool comes too close to the right wall. The whole episode of horizontal displacement of the tool takes 100000 time-steps. Two features are evident in the force signal. The force increases at long time scales, due to the pile growing in front of the tool, but it is affected by large fluctuations at shorter time scales. Figure 4 (b) shows the force variation in a 3D simulation. The fluctuations here seem less important than in the 2D case. In 3D, the pile in front of the tool reaches a quasi-stationary size at about t = 1 s, due to the possibility of lateral flow and the force remains almost constant after that. It further increases as the tool comes too close to the right wall.
In Fig. 5 we have plotted the horizontal component of the force exerted by the tool on the grains, averaged over intervals of 2000 time steps, corresponding to 0.2 s, for the samples A to D. These four 2D samples which differ in coarseness have the same overall geometry and the penetration depth of the tool is the same. The mean force is almost the same for all four samples at the respective stages of the evolution of the system. We observe also low frequency fluctuations of the average force. What does the mean force represent for this system? As we shall see below, large deviations from the mean force are exponen-
